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Preview

Multioperator Inclusion Problem

Find x € A such that 0 € A1(x) + Ax(x) + -+ - + An(x) (InclProb)

m 7 is a real Hilbert space
m A; . H = H is a set valued operator, m > 3
Goals

m Develop a Douglas-Rachford (DR) algorithm for nonmonotone
(InclProb).

m Establish convergence guarantees for the DR algorithm under generalized
monotonicity conditions.
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Outline

I. (Review) Douglas-Rachford when m =2

Il. Product space reformulations
I1l. Convergence results under generalized monotonicity
IV. (If time permits) Extensions to comonotone functions

Alcantara and Takeda, Douglas-Rachford algorithm for nonmonotone
multioperator inclusion problems, arXiv:2501.02752 (2025). Preprint
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DR for monotone case when m = 2

[ Find x € H such that 0 € A(x) + B(x) (20perator—prob|em)]

m Often investigated under the assumption of monotonicity

m An operator A: H =2 H is monotone if
(x—y,u—v) 20 Y(xu),(y,v) € gra(A). !

A is maximal monotone if it is monotone and there is no monotone operator
whose graph properly contains gra(A).

Douglas-Rachford (DR) algorithm
X = Tp p(x*) = x* + k(Jy5 0 (2454 — Id) — L,4)(x¥), & €(0,2).

m Note: The resolvent J,4 = (Id +vA)~! is a single-valued mapping on H
when A is maximal monotone.
lgra(A) == {(x,u) : u € A(x)}




Convergence under monotonicity assumption

m We can also write DR algorithm as

2 = Ja(xk) (shadow sequence)
yE = Loz — xb)
XKL = xk 4 g(yk — 2K)

Theorem (Lions and Mercier, 1979)

Suppose that A and B are maximal monotone such that zer(A+ B) # ), and
let v > 0. Then

(i) 3x € Fix(Tag) s.t. x* = %, with z .= J,a(X) € zer(A+ B).

(i) yk -z =0

(i) 2k — z.

b
What if A and B are NOT maximal monotone?
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The case of optimization: Nonconvex objectives

Q= ar);ger;lin f(x)+g(x) (Opt)

m We can apply DR to (2operator-problem) with A= 0f and B = dg.

f g Remarks

Guo, Han, & Yuan (2017) a-convex  f-convex «a+ >0
Themelis & Patrinos (2020)  L-smooth  proper Isc *

Table: Existing works

m Convergence holds for sufficiently small stepsizes, assuming Q # 0.

m Applies to finite-dimensional cases only.

1Given a € R, f is a-convex if f — %HHZ is convex.
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Generalization to operators

mlet A: H = H and let 0 € IR. We say that A is o-monotone if
(x—y,u—v) > olx—y|* V¥(x,u),(y,v) € gra(A).

m A is maximal o-monotone if A is o-monotone and there is no o-monotone
operator whose graph properly contains gra(A).

Theorem (Dao & Phan, 2019)

Suppose that A and B are maximal a-monotone and maximal S-monotone,
respectively, such that oo+ 3 > 0 and zer(A + B) # (), and suppose

af K
1 — > .
+7a+ﬁ 2

Then

(i) 3% € Fix(Tap) st. xK = %, with z := J,4(X) € zer(A + B).
(i) ||x* = x¥*1| = o(1/Vk)
(ii) zX— Z and zer(A + B) = {z}.
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Douglas-Rachford for nonmonotone inclusion DR for m = 2

m Giselsson & Moursi (2021) obtained the same result when a8 < 0 and k = 1.

m Dao & Phan (2019) actually proved the convergence of a more general
algorithm.

Adaptive DR algorithm
K = _/,YA(Xk)
k _ k k
v =Jsa((1 — A)x* + Az")
Xkt = k4 g,u(zk —yh).

where
A=1)(p—=1)=1 and d=~(A-1).

% Can we extend the result to m > 27

Harold Alcantara  February 17, 2025 8



Pierra’s product space reformulation (1976)

[ Find x = (x1,...,Xm) € H™ such that 0 € F(x) + G(x), (Pierra)]

m F(x) = Ai1(x1) X -+ X Ap(xm)
m G := Np, (maximal monotone)
where Dy, == {(X1, .., Xm) EHT i x1 =+ = X}
Recall that
No,. (x) = Dy ={w=(wi,...,wn): >, w=0} ifxe F)m,
] otherwise,

m Nice property: Reformulation is valid for arbitrary operators!

m Easy resolvents too!
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Douglas-Rachford for nonmonotone inclusion Product space reformulations

7

DR based on Pierra’s product space reformulation

m

()
<<

m Incompatible with generalized monotone operator framework! =
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Douglas-Rachford for nonmonotone inclusion Product space reformulations

Campoy (2022)/Kruger’s (1985) product space
reformulation

Find x = (x1, ..., Xm—1) € H™ such that 0 € F(x) + G(x), (Campoy/Kruger)]

F(x) = A1(x1) x -+ X Am—1(Xm-1),
G(x) :== K(x) + Np,,_,(x),

where 1 1
K(X) = mAm(Xl) X oo mAm(Xm_l).
m Reformulation is not valid for arbitrary operators.

m Convex-valuedness of Ap,(+) is important!
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Douglas-Rachford for nonmonotone inclusion  Product space reformulations

F(X) = Al(Xl) X -+ X Am—l(xm—l);
G(x) := K(x) + Np,,_,(x),
1

K(x) =~ An(a) % -.-ﬁAm(Xm,l).

0 € F(x) + K(x) + Np,,_,(x)
< xeDy_1, JueF(x), IveK(x), st —(utv)eNp, (x)

mx=(x,...,x)
mu=(up,...,Un-1) € A(X) x - X An_1(x)

H V= ﬁ(vlv ey Vm—l) where vi € Am(X)'

Thus,
1 m—1
— —
should be in An(x)
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Alternative reformulation

[ Find x = (x1,...,Xm—1) € H such that 0 € F(x) + G(x), ]

F(x) = Ai1(x1) X -+ X Am_1(Xm—1),
G(x) = K(x) + Np,,_, (x),

U] otherwise.

K(x) = {{(Alv, ce Ame1V) Vv E Ap(x)} ifx=(x1,.. ., Xm—1) € D1

m If 27NN =1, then

zer(F+G) = A, (zer (i A;))

where Ap,_1(x) = (x,...,x).
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Convex-valued case

r 3

Proposition

Suppose 7'\ =1, and let

G =K+ MAp

GCampoy = KCampoy + ND,,,,U

m—17

where

K(x) = {(A1v,. ., Am_1v) v € Ap(xa)} ifxe Pm_l
1] otherwise.

K(;ampoy(x) = )\1Am(X1) X -+ X )\mflAm(mel).

gra(G) = gra(GCampoy)~
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Douglas-Rachford for nonmonotone inclusion Product space reformulations

How about the resolvents?

Define the A-resolvent of F as

JA(x) = (Id+AA 1o F)L,

where A is the diagonal operator
A(X) = ()\1X1, ey /\m_lxm_l).

By direct calculations

Jj/\\F(X) = JiAl(Xl) X o0 X J%Am,l(xm—lx

5509 = 8 (0 (30
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Douglas-Rachford for nonmonotone inclusion Product space reformulations

DR for multioperator inclusion

Define the DR iterates as
xkt1l e T(xk),

where

T(x) = {x+ rly ~2) sz € S(x), y € SHo(22 %)}

2 — k) Id +xRARA
_ ( /43) ;‘/ﬁ? G /\F, R:/\X# — 2_]5'}# —1d

Douglas-Rachford algorithm for m-operator inclusion

z,-kEJ%Ai(x,-k), (i=1,...,m—1)

m—1
ykEJ)\Am (Z )\;(22,!( - X,-k)>
i=1

X-k+1:X,-k+/f(yk_z'k) (I:l,,m_l)

1 1
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Fixed points of the DR map

Recall that

T(x) = {x+ 5y —2) 12 € H(x), y € (22— %)}

2 — k) Id +x R RA
_ ( KJ) ;—Ii \G AF7 R}l}# — 2.]5/}# —1d

r 3

Proposition

We have
x€Fix(T) <= 3z J(x)Nzer(F +G)

In particular, if J){\F is single-valued, then

J%(Fix(T)) = zer(F 4+ G).
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Quick summary

m Any multioperator inclusion problem can be equivalently reformulated as a
two-operator problem

Find x = (x1, ..., Xm—1) € H™ such that 0 € F(x) + G(x), (P)
m Douglas-Rachford algorithm for (P):

Xk e T(x) (DR)

m We have the relation:

x€Fix(T) <= 3z J(x)Nzer(F +G)

What can we say about the convergence of (DR)?
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Nonmonotone cases we consider

|. Generalized monotone operators
Il. A; = Of; with nonconvex f;'s.

1. (If time permits) Comonotone operators
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|. Generalized monotone operators

Assumption: A; is maximal o;-monotone for all i, and zer(A; + -+ - + Ap) # 0. ‘

Conjecture: We get convergence if 01 + -+ o, > 0. ‘

F(X) = Al(Xl) X -+ X Amfl(mel),
G(x) = K(x) + Np,,_,(x)

K(X) . {(>\1V, e )\m_lv) v eE Am(Xl)} if x € Dp_1
) otherwise.

Proposition

m F is maximal op-monotone with

OF = min o;.
i=1,..,m—1

m G is maximal og-monotone with
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Douglas-Rachford for nonmonotone inclusion  Convergence analysis for nonmonotone cases

A convergence result

Direct application of Dao & Phan's theorem leads to the following result.

f

.
Theorem

>0,
Suppose that {UF T e

oo . orequivalently,
14 y2E2e > 55

ortog
o+ >0 (Vi=1,...,m—1)
min a;>~am
i<m-—1 K
1+ (m—1) min 0,+am>§
i<m-—1

Then

(i)eEI)'( € Fix(Te,g) s.t. x* — %, with Z := J,¢(X) € zer(F + G).
(ii) |[x* —x 1| = o(1/Vk)

(ii) z¥ — Z and zer(F + G) = {z}.
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Douglas-Rachford for nonmonotone inclusion  Convergence analysis for nonmonotone cases

Remarks

m The theorem reduces to Dao & Phan’s convergence result when m = 2.

m Stricter than our initial conjecture for m > 3.
2
15
1
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T3
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Figure: | min{o1, 02} + (%3 >0|vs. 72 tort+o3>0 when o3 > 0.

Conjecture

IDark region represents the intersection.
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Main tool to improve convergence result

Let R :=1Id—T and U(x) = Jxa, (ZARAA(X,)

Lemma
IT(x) — T(y)lla
m—1
<lx—yli-= Z Airiil[Ri(x) — Ri(y)|)?
=1
2
01 (3,00 = Jp4 (0)) + omdi(U() = U(Y)|
i€Z !
where
1+ ziomd _ & ifjcT 1
K = + i oitomd; 2 I I € ) 9’. =_— Z(S, = 1, (5,’ S ]R,
1—% |f/¢I O; + omb; e

T ={ie{l,...,.m—1}:0; #0}, 7 ={iel:0; <0}, It =TI\ .
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Douglas-Rachford for nonmonotone inclusion  Convergence analysis for nonmonotone cases

m Recall T = 235 1d + 5 RARA.

m Apply the “cute identity”? to expand || T(x) — T(y)||i:

2—K K 2
ITG) = TR =5~ lx =yl + 5 [|RGREE) — REREW),
2—/€m_1 2
=== Y MR - RO
i=1

(Note: Id —R& R4 = 2R)

Tk

m Meanwhile,
||R§}GR/1\XF(X) - Rf\\GR,I\XF(Y)Hi

m—1 2
<lx-ylA -4r Y o "= ol U(x) - U
i=1

J%Ai(xi) - J%A,(yl)

2Named after Heinz's playful terminology during his invited talk at this workshop.
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Douglas-Rachford for nonmonotone inclusion  Convergence analysis for nonmonotone cases

m Combining, we get

IT(x) — T3

—Riy)I?

2
<lx—ylla -

(%)
|+ omllUG) — U)I?

—2)\K ZO’,‘

i€T

Jan(xi) = Ja (i)

()

m Write (%) = Y 6iom| U(x) — U(y)|* where §; € R with > §; = 1.
i€T i€eT

m Apply to (x) the “cuter(?) identity”

2 2
allx|* + Bllyl* = 25 lx = yI” + Fgllax + Byl?, a+B#0.
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Main tool to improve convergence result

Let R :=1Id—T and U(x) = Jxa, (ZARAA(X,)

Lemma
IT(x) — T(y)lla
m—1
<lx—yli-= Z Airiil[Ri(x) — Ri(y)|)?
=1
2
01 (3,00 = Jp4 (0)) + omdi(U() = U(Y)|
i€Z !
where
1+ ziomd _ & ifjcT 1
K = + i oitomd; 2 I I € ) 9’. =_— Z(S, = 1, (5,’ S ]R,
1—% |f/¢I O; + omb; e

T ={ie{l,...,.m—1}:0; #0}, 7 ={iel:0; <0}, It =TI\ .
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Abstract convergence result

Theorem

Suppose Z # () and the following holds:

(a) 3((5,’);61 with §; € IR s.t.
oi+omd; >0 (VI EI)
> ai=1
=

(b) X € (0,+00) is chosen such that

A U,'Um(s,' 1% .
1+ ——m—>= (Viel).
+)\,'O','+0'm(5,' 2 (Vi€ 1)

Then

(i) 3% € Fix(Teg) st. x* = %, with Z := JA(X) € zer(F + G).
(i) ||xk — xk+1|| = o(l/ﬁ)
(ii) z¥ — z and zer(F + G) = {z}.
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When can we guarantee (a)?

Proposition
Suppose Z # () and o, # 0. Denote
X=X where X;={5 €R:0;+0omd; >0}
i€z

S={0=(0i)iez: 25,' =1}
Then i€z
(i) XNS is compact;

Moreover, if » " o; > 0, then the following hold:

(1) int(X) 1 S 2 0
(iii) Nxns(d) = Nx(0) + Ns(0) for any 6 € XN S;
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Douglas-Rachford for nonmonotone inclusion  Convergence analysis for nonmonotone cases

Is there an optimal stepsize?

r

Proposition

Consider

A= max A

SeRIZI x>0 B (MaxStep)
A _0iomd; B i axdte
s.t. 1+x_m—520 i€l P

0= (5,‘),’61 eXns§s.

If Z,"Ll o; >0 and Z # 0, then the following holds:
(i) If either = # 0 and 0, # 0, or T~ = and o, < 0, then (MaxStep) has
a solution, say (6, A*) € S x R4, which satisfies
(o * Aj(oj + omd?
_)\/(U/“l‘o'm(s,):_ J( J j) >0 Vi,jGI, (1)

U;de;k UjO'm5J’-k

and \* = — (1 - %) <_)‘f("i+f’m5?))_

oiomo;

(i) fZT- =0 and o, > 0, then \* = 4o0.
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Main convergence result

Theorem

Suppose > ;> 0, Z # (), and let A € (0,\*) (given in previous
proposition). Then

(i) 3x € Fix(Teg) s.t. x* = %, with Z := J(X) € zer(F + G).
(i) |[x* = x 1| = o(1/Vk)
(ii) z¥ — Z and zer(F + G) = {z}.
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Douglas-Rachford for nonmonotone inclusion  Convergence analysis for nonmonotone cases

Nonmonotone cases we consider
|. Generalized monotone operators —> DONE!
. A;=0f (i=1,...,m— 1) with nonconvex f;'s

I11. (If time permits) Comonotone operators
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Nonconvex optimization

Q=argmin F(x) = fA(x)+ -+ fin(x), (Opt)
xeH
Douglas-Rachford for sum-of-m-functions optimization
z,-keprox%ﬁ(x,-k), (i=1,...,m=1)
m—1
ey, (S ntest 0]
i=1
xITE = x4 w(yk — ZF) (i=1,...,m-1).

Note: This is only an instance of DR. Indeed, we can only guarantee

prox, ¢(-) € Jyor(*)-
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Douglas-Rachford for nonmonotone inclusion  Convergence analysis for nonmonotone cases

Assumptions

Recall of m = 2 case:

f g Remarks

Guo, Han, & Yuan (2017) a-convex  f-convex a+ >0
Themelis & Patrinos (2020) L-smooth  proper Isc *

Table: Existing works

m Easy case: f; is proper, closed and oj-convex, and o1 + -+ 0, >0
m Just use the previous theorem!

m We consider another setting:

Assumption: The following holds:
(1) fiis Li-smooth, i =1,...,m—1.
2) fm is proper and closed.

(
(3) F is coercive.
(4) H is finite-dimensional.
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Douglas-Rachford for nonmonotone inclusion  Convergence analysis for nonmonotone cases

Main result
Note: Assumption (1) = f; is o;-convex with o; € [—L;,0].
Theorem
Denote
3= Ll, if —20; < (2 - K)L,’
' —+(1-%) otherwise ’

and let /\A’ € (0,%;). Then
() {05 xk 2k .z 1, yk) ) is bounded;

(i) z*,y* € zer Z@f; if z¥ and y* are accu. points of {z¥} and {y*}.

i=1

Proof techniques make use of a merit function.
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Summary and future works

m We proposed a DR algorithm suitable for arbitrary nonmonotone inclusion
problem

m We established its convergence under suitable conditions.
m Future works
m Linear rates of convergence
m Extensions to comonotone operators (To be released soon!)

m Extensions to other splitting methods (e.g., Malitsky-Tam)
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Douglas-Rachford for nonmonotone inclusion  Convergence analysis for nonmonotone cases

Thank you for listening!

Main reference: Alcantara and Takeda, Douglas-Rachford algorithm for

nonmonotone multioperator inclusion problems, arXiv:2501.02752 (2025).
Preprint
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Douglas-Rachford for nonmonotone inclusion  Convergence analysis for nonmonotone cases
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