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Douglas-Rachford for nonmonotone inclusion

Preview

Multioperator Inclusion Problem

Find x ∈ H such that 0 ∈ A1(x) + A2(x) + · · ·+ Am(x) (InclProb)

H is a real Hilbert space

Ai : H ⇒ H is a set valued operator, m ≥ 3

Goals

Develop a Douglas-Rachford (DR) algorithm for nonmonotone
(InclProb).

Establish convergence guarantees for the DR algorithm under generalized
monotonicity conditions.
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Douglas-Rachford for nonmonotone inclusion

Outline

I. (Review) Douglas-Rachford when m = 2

II. Product space reformulations

III. Convergence results under generalized monotonicity

IV. (If time permits) Extensions to comonotone functions

Alcantara and Takeda, Douglas-Rachford algorithm for nonmonotone
multioperator inclusion problems, arXiv:2501.02752 (2025). Preprint
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Douglas-Rachford for nonmonotone inclusion | DR for m = 2

DR for monotone case when m = 2

Find x ∈ H such that 0 ∈ A(x) + B(x) (2operator-problem)

Often investigated under the assumption of monotonicity

An operator A : H ⇒ H is monotone if

⟨x − y , u − v⟩ ≥ 0 ∀(x , u), (y , v) ∈ gra(A). 1

A is maximal monotone if it is monotone and there is no monotone operator
whose graph properly contains gra(A).

Douglas-Rachford (DR) algorithm

xk+1 = TA,B(x
k) := xk + κ(JγB ◦ (2JγA − Id)− JγA)(x

k), κ ∈ (0, 2).

Note: The resolvent JγA = (Id+γA)−1 is a single-valued mapping on H
when A is maximal monotone.

1gra(A) := {(x , u) : u ∈ A(x)}
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Convergence under monotonicity assumption

We can also write DR algorithm as

zk = JγA(x
k) (shadow sequence)

yk = JγB(2z
k − xk)

xk+1 = xk + κ(yk − zk)

Theorem (Lions and Mercier, 1979)

Suppose that A and B are maximal monotone such that zer(A+ B) ̸= ∅, and
let γ > 0. Then
(i) ∃x̄ ∈ Fix(TA,B) s.t. x

k ⇀ x̄ , with z̄ := JγA(x̄) ∈ zer(A+ B).

(ii) yk − zk → 0

(iii) zk ⇀ z̄ .

What if A and B are NOT maximal monotone?
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The case of optimization: Nonconvex objectives

Ω := argmin
x∈H

f (x) + g(x) (Opt)

We can apply DR to (2operator-problem) with A = ∂f and B = ∂g .

f g Remarks

Guo, Han, & Yuan (2017) α-convex β-convex α+ β > 0
Themelis & Patrinos (2020) L-smooth proper lsc *

Table: Existing works

Convergence holds for sufficiently small stepsizes, assuming Ω ̸= ∅.

Applies to finite-dimensional cases only.

1Given α ∈ IR, f is α-convex if f − α
2
∥·∥2 is convex.
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Generalization to operators

Let A : H ⇒ H and let σ ∈ IR. We say that A is σ-monotone if

⟨x − y , u − v⟩ ≥ σ∥x − y∥2 ∀(x , u), (y , v) ∈ gra(A).

A is maximal σ-monotone if A is σ-monotone and there is no σ-monotone
operator whose graph properly contains gra(A).

Theorem (Dao & Phan, 2019)

Suppose that A and B are maximal α-monotone and maximal β-monotone,
respectively, such that α+ β > 0 and zer(A+ B) ̸= ∅, and suppose

1 + γ
αβ

α+ β
>

κ

2
.

Then
(i) ∃x̄ ∈ Fix(TA,B) s.t. x

k ⇀ x̄ , with z̄ := JγA(x̄) ∈ zer(A+ B).

(ii)
∥∥xk − xk+1

∥∥ = o(1/
√
k)

(iii) zk→ z̄ and zer(A+ B) = {z̄}.
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Remarks

Giselsson & Moursi (2021) obtained the same result when αβ < 0 and κ = 1.

Dao & Phan (2019) actually proved the convergence of a more general
algorithm.

Adaptive DR algorithm

zk = JγA(x
k)

yk = JδB((1− λ)xk + λzk)

xk+1 = xk +
κ

2
µ(zk − yk).

where
(λ− 1)(µ− 1) = 1 and δ = γ(λ− 1).

Can we extend the result to m > 2?
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Pierra’s product space reformulation (1976)

Find x = (x1, . . . , xm) ∈ Hm such that 0 ∈ F(x) + G(x), (Pierra)

F(x) := A1(x1)× · · · × Am(xm)

G := NDm (maximal monotone)

where Dm := {(x1, . . . , xm) ∈ Hm : x1 = · · · = xm}.

Recall that

NDm(x) =

{
D⊥

m = {w = (w1, . . . ,wm) :
∑m

i=1 wi = 0} if x ∈ Dm,

∅ otherwise,

Nice property: Reformulation is valid for arbitrary operators!

Easy resolvents too!
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Douglas-Rachford for nonmonotone inclusion | Product space reformulations

DR based on Pierra’s product space reformulation

zki ∈ JγAi (x
k
i ) i = 1, . . . ,m.

yk =
1

m

m∑
i=1

(2zki − xki )

xk+1
i = xki + κ(yk − zki ) i = 1, . . . ,m

Incompatible with generalized monotone operator framework!
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Campoy (2022)/Kruger’s (1985) product space
reformulation

Find x = (x1, . . . , xm−1) ∈ Hm such that 0 ∈ F(x) + G(x), (Campoy/Kruger)

F(x) := A1(x1)× · · · × Am−1(xm−1),

G(x) := K(x) + NDm−1(x),

where

K(x) :=
1

m − 1
Am(x1)× · · · 1

m − 1
Am(xm−1).

Reformulation is not valid for arbitrary operators.

Convex-valuedness of Am(·) is important!
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F(x) := A1(x1)× · · · × Am−1(xm−1),

G(x) := K(x) + NDm−1(x),

K(x) :=
1

m − 1
Am(x1)× · · · 1

m − 1
Am(xm−1).

0 ∈ F(x) +K(x) + NDm−1(x)

⇐⇒ x ∈ Dm−1, ∃u ∈ F(x), ∃v ∈ K(x), s.t. − (u+ v) ∈ NDm−1(x)

x = (x , . . . , x)

u = (u1, . . . , um−1) ∈ A1(x)× · · · × Am−1(x)

v = 1
m−1 (v1, . . . , vm−1) where vi ∈ Am(x).

Thus,

u1 + · · ·+ um−1 +
1

m − 1

m−1∑
i=1

vi︸ ︷︷ ︸
should be in Am(x)

= 0
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Alternative reformulation

Find x = (x1, . . . , xm−1) ∈ Hm such that 0 ∈ F(x) + G(x),

F(x) := A1(x1)× · · · × Am−1(xm−1),

G(x) := K(x) + NDm−1(x),

where

K(x) :=

{
{(λ1v , . . . , λm−1v) : v ∈ Am(x1)} if x = (x1, . . . , xm−1) ∈ Dm−1

∅ otherwise.

If
∑m−1

i=1 λi = 1, then

zer(F+ G) = ∆m−1

(
zer

(
m∑
i=1

Ai

))

where ∆m−1(x) := (x , . . . , x).
Harold Alcantara | February 17, 2025 13
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Convex-valued case

Proposition

Suppose
∑m−1

i=1 λi = 1, and let

G := K+ NDm−1 ,

GCampoy := KCampoy + NDm−1 ,

where

K(x) :=

{
{(λ1v , . . . , λm−1v) : v ∈ Am(x1)} if x ∈ Dm−1

∅ otherwise.

KCampoy(x) := λ1Am(x1)× · · · × λm−1Am(xm−1).

gra(G) = gra(GCampoy).
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How about the resolvents?

Define the Λ-resolvent of F as

JΛλF(x) := (Id+λΛ−1 ◦ F)−1,

where Λ is the diagonal operator

Λ(x) = (λ1x1, . . . , λm−1xm−1).

By direct calculations

JΛλF(x) = J λ
λ1

A1
(x1)× · · · × J λ

λm−1
Am−1

(xm−1),

JΛλG(x) = ∆m−1

(
JλAm

(
m−1∑
i=1

λixi

))
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DR for multioperator inclusion

Define the DR iterates as
xk+1 ∈ T (xk),

where

T (x) := {x+ κ(y − z) : z ∈ JΛλF(x), y ∈ JΛλG(2z− x)}

=
(2− κ) Id+κRΛ

λGR
Λ
λF

2
, RΛ

λ# := 2JΛλ# − Id

Douglas-Rachford algorithm for m-operator inclusion

zki ∈J λ
λi

Ai
(xki ), (i = 1, . . . ,m − 1)

yk∈JλAm

(
m−1∑
i=1

λi (2z
k
i − xki )

)
xk+1
i = xki + κ(yk − zki ) (i = 1, . . . ,m − 1).
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Fixed points of the DR map

Recall that

T (x) = {x+ κ(y − z) : z ∈ JΛλF(x), y ∈ JΛλG(2z− x)}

=
(2− κ) Id+κRΛ

λGR
Λ
λF

2
, RΛ

λ# := 2JΛλ# − Id

Proposition

We have
x ∈ Fix(T ) ⇐⇒ ∃z ∈ JΛλF(x) ∩ zer(F+ G)

In particular, if JΛλF is single-valued, then

JΛλF(Fix(T )) = zer(F+ G).
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Quick summary

Any multioperator inclusion problem can be equivalently reformulated as a
two-operator problem

Find x = (x1, . . . , xm−1) ∈ Hm such that 0 ∈ F(x) + G(x), (P)

Douglas-Rachford algorithm for (P):

xk+1 ∈ T (xk) (DR)

We have the relation:

x ∈ Fix(T ) ⇐⇒ ∃z ∈ JΛλF(x) ∩ zer(F+ G)

What can we say about the convergence of (DR)?
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Nonmonotone cases we consider

I. Generalized monotone operators

II. Ai = ∂fi with nonconvex fi ’s.

III. (If time permits) Comonotone operators
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I. Generalized monotone operators

Assumption: Ai is maximal σi -monotone for all i , and zer(A1 + · · ·+ Am) ̸= ∅.

Conjecture: We get convergence if σ1 + · · ·+ σm > 0.

F(x) := A1(x1)× · · · × Am−1(xm−1),

G(x) := K(x) + NDm−1(x)

K(x) :=

{
{(λ1v , . . . , λm−1v) : v ∈ Am(x1)} if x ∈ Dm−1

∅ otherwise.

Proposition

F is maximal σF-monotone with

σF := min
i=1,...,m−1

σi .

G is maximal σG-monotone with

σG :=
σm

m − 1
.
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Douglas-Rachford for nonmonotone inclusion | Convergence analysis for nonmonotone cases

A convergence result

Direct application of Dao & Phan’s theorem leads to the following result.

Theorem

Suppose that

{
σF + σG > 0,

1 + γ σFσG

σF+σG
> κ

2 ,
or equivalently,


σi +

σm

m−1 > 0 (∀i = 1, . . . ,m − 1)

1 + γ

(
min

i≤m−1
σi

)
· σm

(m − 1) min
i≤m−1

σi + σm
> κ

2 .

Then
(i) ∃x̄ ∈ Fix(TF,G) s.t. xk ⇀ x̄, with z̄ := JγF(x̄) ∈ zer(F+ G).

(ii)
∥∥xk − xk+1

∥∥ = o(1/
√
k)

(iii) zk → z̄ and zer(F+ G) = {z̄}.
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Douglas-Rachford for nonmonotone inclusion | Convergence analysis for nonmonotone cases

Remarks

The theorem reduces to Dao & Phan’s convergence result when m = 2.

Stricter than our initial conjecture for m ≥ 3.

Figure: min{σ1, σ2}+
σ3

2
> 0 vs.

σ1 + σ2 + σ3 > 0
Conjecture

when σ3 > 0.

1Dark region represents the intersection.
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Main tool to improve convergence result

Let R := Id−T and U(x) := JλAm

(
m−1∑
i=1

λiR λ
λi

Ai
(xi )

)
.

Lemma

∥T (x)− T (y)∥2Λ

≤ ∥x− y∥2Λ − 2

κ

m−1∑
i=1

λiκi∥Ri (x)− Ri (y)∥2

− 2κλ
∑
i∈I

θi

∥∥∥σi

(
J λ

λi
Ai
(xi )− J λ

λi
Ai
(yi )
)
+ σmδi (U(x)− U(y))

∥∥∥2
where

κi :=

{
1 + λ

λi

σiσmδi
σi+σmδi

− κ
2 if i ∈ I

1− κ
2 if i /∈ I

, θi :=
1

σi + σmδi
,

∑
i∈I

δi = 1, δi ∈ IR,

I := {i ∈ {1, . . . ,m − 1} : σi ̸= 0}, I− := {i ∈ I : σi < 0}, I+ := I \ I−.
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Proof sketch (1/2)

Recall T = (2−κ)
2 Id+κ

2R
Λ
λGR

Λ
λF.

Apply the “cute identity”2 to expand ∥T (x)− T (y)∥2Λ:

∥T (x)− T (y)∥2Λ =
2− κ

2
∥x− y∥2Λ +

κ

2

∥∥RΛ
λGR

Λ
λF(x)− RΛ

λGR
Λ
λF(y)

∥∥2
Λ

− 2− κ

κ

m−1∑
i=1

λi∥Ri (x)− Ri (y)∥2

(Note: Id−RΛ
λGR

Λ
λF = 2

κR)

Meanwhile,∥∥RΛ
λGR

Λ
λF(x)− RΛ

λGR
Λ
λF(y)

∥∥2
Λ

≤ ∥x− y∥2Λ − 4λ
m−1∑
i=1

σi

∥∥∥J λ
λi

Ai
(xi )− J λ

λi
Ai
(yi )
∥∥∥2 − 4λσm∥U(x)− U(y)∥2.

2Named after Heinz’s playful terminology during his invited talk at this workshop.
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Proof sketch (2/2)

Combining, we get

∥T (x)− T (y)∥2Λ

≤ ∥x− y∥2Λ − 2− κ

κ

m−1∑
i=1

λi∥Ri (x)− Ri (y)∥2

− 2λκ

∑
i∈I

σi

∥∥∥J λ
λi

Ai
(xi )− J λ

λi
Ai
(yi )
∥∥∥2 +

(♣)︷ ︸︸ ︷
σm∥U(x)− U(y)∥2


︸ ︷︷ ︸

(⋆)

Write (♣) =
∑
i∈I

δiσm∥U(x)− U(y)∥2 where δi ∈ IR with
∑
i∈I

δi = 1.

Apply to (⋆) the “cuter(?) identity”

α∥x∥2 + β∥y∥2 = αβ
α+β ∥x − y∥2 + 1

α+β ∥αx + βy∥2, α+ β ̸= 0.
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Douglas-Rachford for nonmonotone inclusion | Convergence analysis for nonmonotone cases

Main tool to improve convergence result

Let R := Id−T and U(x) := JλAm

(
m−1∑
i=1

λiR λ
λi

Ai
(xi )

)
.

Lemma

∥T (x)− T (y)∥2Λ

≤ ∥x− y∥2Λ − 2

κ

m−1∑
i=1

λiκi∥Ri (x)− Ri (y)∥2

− 2κλ
∑
i∈I

θi

∥∥∥σi

(
J λ

λi
Ai
(xi )− J λ

λi
Ai
(yi )
)
+ σmδi (U(x)− U(y))

∥∥∥2
where

κi :=

{
1 + λ

λi

σiσmδi
σi+σmδi

− κ
2 if i ∈ I

1− κ
2 if i /∈ I

, θi :=
1

σi + σmδi
,

∑
i∈I

δi = 1, δi ∈ IR,

I := {i ∈ {1, . . . ,m − 1} : σi ̸= 0}, I− := {i ∈ I : σi < 0}, I+ := I \ I−.
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Abstract convergence result

Theorem

Suppose I ≠ ∅ and the following holds:
(a) ∃(δi )i∈I with δi ∈ IR s.t.σi + σmδi > 0 (∀i ∈ I)∑

i∈I

δi = 1

(b) λ ∈ (0,+∞) is chosen such that

1 +
λ

λi

σiσmδi
σi + σmδi

>
µ

2
(∀i ∈ I).

Then
(i) ∃x̄ ∈ Fix(TF,G) s.t. xk ⇀ x̄, with z̄ := JΛλF(x̄) ∈ zer(F+ G).

(ii)
∥∥xk − xk+1

∥∥ = o(1/
√
k)

(iii) zk → z̄ and zer(F+ G) = {z̄}.
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When can we guarantee (a)?

Proposition

Suppose I ≠ ∅ and σm ̸= 0. Denote

X :=
∏
i∈I

Xi where Xi := {δi ∈ IR : σi + σmδi ≥ 0}

S = {δ = (δi )i∈I :
∑
i∈I

δi = 1}
Then
(i) X ∩ S is compact;

Moreover, if
m∑
i=1

σi > 0, then the following hold:

(ii) int(X ) ∩ S ̸= ∅;
(iii) NX∩S(δ) = NX (δ) + NS(δ) for any δ ∈ X ∩ S ;
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Is there an optimal stepsize?

Proposition

Consider

λ̄∗ := max
δ∈IR|I|,λ̄≥0

λ̄

s.t. 1 + λ̄
λi

σiσmδi
σi+σmδi

− µ
2 ≥ 0 i ∈ I,

δ = (δi )i∈I ∈ X ∩ S .

(MaxStep)

If
∑m

i=1 σi > 0 and I ≠ ∅, then the following holds:
(i) If either I− ̸= ∅ and σm ̸= 0, or I− = ∅ and σm < 0, then (MaxStep) has

a solution, say (δ∗, λ̄∗) ∈ S × IR+, which satisfies

−λi (σi + σmδ
∗
i )

σiσmδ∗i
= −

λj(σj + σmδ
∗
j )

σjσmδ∗j
> 0 ∀i , j ∈ I, (1)

and λ̄∗ = −
(
1− κ

2

) (λi (σi+σmδ
∗
i )

σiσmδ∗i

)
.

(ii) If I− = ∅ and σm ≥ 0, then λ̄∗ = +∞.
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Main convergence result

Theorem

Suppose
∑m

i=1 σi > 0, I ≠ ∅, and let λ ∈ (0, λ̄∗) (given in previous
proposition). Then

(i) ∃x̄ ∈ Fix(TF,G) s.t. xk ⇀ x̄, with z̄ := JΛλF(x̄) ∈ zer(F+ G).

(ii)
∥∥xk − xk+1

∥∥ = o(1/
√
k)

(iii) zk → z̄ and zer(F+ G) = {z̄}.
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II. Optimization

Nonmonotone cases we consider

I. Generalized monotone operators −→ DONE!

II. Ai = ∂fi (i = 1, . . . ,m − 1) with nonconvex fi ’s

III. (If time permits) Comonotone operators
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Nonconvex optimization

Ω := argmin
x∈H

F (x) := f1(x) + · · ·+ fm(x), (Opt)

Douglas-Rachford for sum-of-m-functions optimization

zki ∈ prox λ
λi

fi
(xki ), (i = 1, . . . ,m − 1)

yk ∈ proxλfm

(
m−1∑
i=1

λi (2z
k
i − xki )

)
xk+1
i = xki + κ(yk − zki ) (i = 1, . . . ,m − 1).

Note: This is only an instance of DR. Indeed, we can only guarantee

proxγf (·) ⊆ Jγ∂f (·).
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Assumptions

Recall of m = 2 case:

f g Remarks

Guo, Han, & Yuan (2017) α-convex β-convex α+ β > 0
Themelis & Patrinos (2020) L-smooth proper lsc *

Table: Existing works

Easy case: fi is proper, closed and σi -convex, and σ1 + · · ·+ σm > 0

Just use the previous theorem!

We consider another setting:

Assumption: The following holds:
(1) fi is Li -smooth, i = 1, . . . ,m − 1.

(2) fm is proper and closed.

(3) F is coercive.

(4) H is finite-dimensional.
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Main result

Note: Assumption (1) =⇒ fi is σi -convex with σi ∈ [−Li , 0].

Theorem

Denote

γ̄i :=

{
1
Li

if − 2σi < (2− κ)Li

− 1
σi

(
1− κ

2

)
otherwise

,

and let λ
λi

∈ (0, γ̄i ). Then

(i) {(xk1 , . . . , xkm−1, z
k
1 , . . . , z

k
m−1, y

k)} is bounded;

(ii) z∗i , y
∗ ∈ zer

(
m∑
i=1

∂fi

)
if z∗i and y∗ are accu. points of {zki } and {yk}.

Proof techniques make use of a merit function.
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Summary and future works

We proposed a DR algorithm suitable for arbitrary nonmonotone inclusion
problem

We established its convergence under suitable conditions.

Future works

Linear rates of convergence

Extensions to comonotone operators (To be released soon!)

Extensions to other splitting methods (e.g., Malitsky-Tam)
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Thank you for listening!

Main reference: Alcantara and Takeda, Douglas-Rachford algorithm for
nonmonotone multioperator inclusion problems, arXiv:2501.02752 (2025).
Preprint
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